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SUBGROUPS OF QUANTUM GROUPS
GEORGIA CHRISTODOULOU
Abstract. We investigate the notion of a subgroup of a quantum
group. We suggest a general definition, which takes into account
the work that has been done for quantum homogeneous spaces.
We further restrict our attention to reductive subgroups, where
some faithful flatness conditions apply. Furthermore, we proceed
with a categorical approach to the problem of finding quantum
subgroups. We translate all existing results into the language of
module and monoidal categories and give another characterization
of the notion of a quantum subgroup.
Contents
1. Introduction 2
2. Hopf Algebras 5
2.1. Definitions and notation 5
2.2. General results 6
2.3. Semisimplicity and cosemisimplicity 8
3. Quantum subgroups – A definition 8
4. Module categories 9
4.1. Monoidal categories 10
4.2. Module categories 11
4.3. Algebras in monoidal categories 13
5. Module categories of the form ModC(A) 14
5.1. Background material 15
5.2. Main theorem 17
5.3. Properties of ModC(A) when C is M
H for a Hopf algebra
H 19
6. Module categories corresponding to coideal subalgebras 24
6.1. Background material 24
6.2. Main theorem 25
6.3. The converse of Theorem 6.11 29
6.4. Morita-Takeuchi equivalence 31
Key words and phrases. Quantum groups; Quantum homogeneous spaces; Hopf
Algebras; Quotient H-module coalgebras; Monoidal categories; Module categories;
Categories of comodules.
1
2 GEORGIA CHRISTODOULOU
References 32
1. Introduction
Although quantum groups have been defined and understood for sev-
eral years now, the notion of a quantum subgroup is still a bit unclear
in the literature. Consider a general reductive group G. We know that
both the universal eneveloping algebra U(g) and the coordinate ring
O(G) have the structure of a Hopf algebra. The same is true for their
quantum counterparts Uq(g) and Oq(G). Now, given a subgroup M
of G we would like to define its quantum version Oq(M). The first
guess is to require for this to give rise to a Hopf algebraic structure as
well, and therefore to look at the “correct” (with respect to M) Hopf
subalgebra of Uq(g) or quotient Hopf agebra of Oq(G). This is what
happens when M is for instance a Borel subgroup of G. The need for
a Hopf algebra structure has also been demonstrated in several cases
(see for example [24], [21], or [28]) where by definition a quantum sub-
group is first of all a Hopf algebra satisfying some extra conditions.
However, it has been clear for some time now that this definition is too
restrictive in general. The theory that has been developed for quan-
tum homogeneous spaces shows that Hopf subalgebras of a given Hopf
algebra are not enough. Podle´s in [22] constructs a class of quantum
homogeneous spaces with an SUq(2)-action which correspond to the
classical 2-sphere SU(2)/SO(2). Dijkhuizen in [8] gives a survey re-
garding the construction of some compact quantum symmetric spaces
such as SU(n)/SO(n) or SU(2n)/Sp(n). Letzter in [11] constructs
quantum symmetric spaces. In all of the above cases, quantum ho-
mogeneous spaces are defined as coideal subalgebras and cannot be
associated to any Hopf algebra. In addition to this, Mu¨ller and Schnei-
der in [16] proved that in the cases of Podle´s and Dijkhuizen above,
Oq[G] is faithfully flat over the defined coideal subalgebra, enriching
at the same time the theory with the notions of semisimplicity and
cosemisimplicity.
Let us see how the language of coideal subalgebras together with
the faithful flatness condition can give us a definition for a quantum
subgroup. Given a closed subgroup M of G we can consider its corre-
sponding Lie subalgebra m ⊂ g. Then U(m) ⊂ U(g) is a left coideal
subalgebra. In the quantum case, if we can find a coideal of Uq(g) to be
the quantum analogue of U(m) then using the general theory of Hopf
algebras we can construct a right coideal subalgebra A of Oq(G) but
also a quotient left coalgebra B. Moreover it is known that Oq(G) is
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faithfully flat over A if and only if it is faithfully coflat over B. More-
over we can consider the category M
Oq(G)
A whose objects are Oq(G)-
comodules which are also A-modules with the compatibility condition
that the Oq(G)-comodule map is a morphism of A-modules. Then, un-
der the faithfully flat condition, M
Oq(G)
A is equivalent to the category
of B-comodules. We use this quotient coalgebra B as the definition of
the quantum subgroup corresponding to M . Our intuition is that if we
think of A as the quantum coordinate algebra Oq(G/M) correspond-
ing to the classical homogeneous space G/M , then the categoryM
Oq(G)
A
corresponds to vector spaces with an action of the (unknown) quantum
subgroup coorresponding to M . By the above, this is equivalent to the
category of B-comodules. Hence, B carries the right representation
theory with respect to the classical M , and therefore can be used as a
definition for Oq(M). This is one way to look at quantum subgroups.
However, in addition to the above, there is an alternative, categorical
approach to the problem of defining quantum subgroups. Classically,
whenever M is a subgroup of G we can consider the categories of their
representations. Rep(G) is a monoidal category, and Rep(M) becomes
a module category over it. Moreover between the two categories can
be defined a restriction and an induction functor. The same should be
true for their quantum analogues. The category of Oq(G)-comodules
is again a monoidal category, and it is natural to expect that the cate-
gory of comodules corresponding to a quantum subgroup of G should
have the structure of a module category over it as happens in the clas-
sical case. So, in order to define a quantum subgroup it is enough
to find the appropriate module category over the category of Oq(G)-
comodules. The idea that module categories are related to quantum
subgroups has been found in previous works as well. In [10] Kirillov
and Ostrik classify the “finite subgroups in Uq(sl2)” , where q = e
pii/l is
a root of unity. For them a subgroup in Uq(sl2) is a commutative asso-
ciative algebra in a tensor category C. Similarly, in [9] Grossman and
Snyder interpret quantum subgroups of finite groups as simple module
categories over the category C of G-modules. Ocneanu in [18] uses simi-
lar definitions to classify quantum subgroups of SU(n). This approach
gives a categorical characterization of the notion of a quantum sub-
group and it provides a dictionary between the two worlds that gives
us more flexibility when dealing with the theory of quantum subgroups.
Let us now say a few words on how this paper is organized. The
first part deals with the definition of a quantum subgroup using the
language of Hopf algebras. In section 2 we give the main results from
the theory of Hopf algebras which we think are the correct tools for
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the definition of a quantum subgroup. These are results that have
been known for some time now, but not exactly used in this context.
We look at both coideal subalgebras and quotient coalgebras, which
are dual to each other and provide two equivalent perspectives. We
see how this correspondence is achieved and obtain results for cat-
egories of representations over them. In section 2.3 we also discuss
the notions of semisimplicity and cosemisimplicity and how they are
related to the faithful flatness condition. Finally in 3 we give our defini-
tion. We suggest that quantum subgroups should correspond to certain
module quotient coalgebras (or equivalently coideal subalgebras) of a
Hopf algebra. In particular if we restrict to subgroups for which the
corresponding quotient space is affine, a faithful coflatness condition
(respectively faithful flatness condition) is required.
In the second part of the paper we focus on the categorical ap-
proach of the problem. We begin by recalling the general theory of
monoidal and module categories. In section 5 we formulate the prob-
lem of definining quantum subgroups using the language of module
categories and give our alternative definitions. In particular, we start
with a monoidal category C and a module category M over it. We
prove in Theorem 5.9 that if there exist adjoint functors of module
categories Res : C → M and Ind : M → C such that Ind is exact
and faithful, then the module category M is equivalent to a module
category ModC(A) for an algebra A ∈ C. We investigate the properties
of such module categories when C is taken to be the category of comod-
ules over a Hopf algebra H . In section 6 we proceed one step further.
In our main theorem, Theorem 6.11, we prove that if C isMH , namely
the category of right comodules for a Hopf algebra H with bijective
antipode, M is MB, the category of right comodules for a coalgebra
B, and if Res in the adjunction above is moreover a functor of mod-
ule categories that carries the forgetful functor to the forgetful functor
then B has the structure of a quotient H-module coalgebra and H is
faithfully coflat over B. Furthermore there exists a coideal subalgebra
A′ of H such thatM≃ ModC(A
′) and H is faithfully flat over A′. This
gives us the categorical characterization of a quantum subgroup. We
finally show in 6.3 that quantum subgroups satisfy the conditions of
Theorem 6.11.
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2. Hopf Algebras
2.1. Definitions and notation. We recall that if g is a Lie algebra,
then its universal enveloping algebra U(g) is a Hopf algebra. The same
is true for the quantized enveloping algebra Uq(g) corresponding to
g. Moreover if G is the connected, simply connected Lie group with
Lie algebra g then for each type 1 finite–dimensional representation,
we can define matrix coefficients and define the quantized coordinate
algebra Oq[G] which is again a Hopf algebra. There is a natural pairing
(, ) : Uq(g)×Oq[G]→ k.
Throughout this section, we let H be a Hopf algebra over an alge-
braically closed field k. We denote by ∆H the comultiplication and
by ǫH the counit of the coalgebraic structure. SH will denote the an-
tipode and 1H the unit. We also adopt the Sweedler notation, therefore
∆H(h) = h(1) ⊗ h(2). In the case of coactions, if ρ : N → N ⊗H , then
ρ(n) = n(0)⊗n(1). Similarly if N is left comodule with ρ : N → H⊗N ,
then ρ(n) = n(−1) ⊗ n(0).
We will be working with categories of modules and comodules, over
algebras and coalgebras respectively. We will use the following general
rules for the notation:
MB denotes the category of right B-modules
MD denotes the category of right D-comodules
Similarly:
BM denotes the category of left B-modules
DM denotes the category of left D-comodules.
Definition 2.1. We say that A is a right coideal subalgebra of
H if A is a subalgebra which is also a right coideal of H , namely
∆H(A) ⊂ A⊗H .
Notice that this gives A the structure of a right H-comodule. Given
a Hopf algebra H and a coideal subalgebra A we can consider cate-
gories carrying both a module and a comodule structure with some
compatibility conditions. Following the notation that we used above,
we can make the following definition :
Definition 2.2. ByMHA we will denote the category of right A-modules,
right H-comodules. The objects in this category are vector spaces M
such that
(1) M is a right A-module, i.e. there is a module map a :M⊗A→
M .
6 GEORGIA CHRISTODOULOU
(2) M is a right H-comodule, i.e there is a comodule map ρ :M →
M ⊗H .
(3) The map a : M ⊗ A→ M is a map of H-comodules.
The morphisms are A-linear, H-colinear maps.
Definition 2.3. We say that C is a quotient left H-module coal-
gebra if C is the quotient of H by a coideal and left ideal I.
Notice that then the induced map p : H ⊗ C → C gives C the
structure of an H-module. Given the projection map π : H → H/I =
C, we will usually denote π(h) by h¯.
As in the case of coideal subalgebras, given a Hopf Algebra H and a
quotient left H-module coalgebra C we can define the following :
Definition 2.4. We let CHM be the category of left H-modules, left
C-comodules. The objects in this category are vector spaces M such
that
(1) There is a module map a : H ⊗M →M
(2) There is a comodule map ρ : M → C ⊗M
(3) The map ρ : M → C ⊗M is a map of H-modules.
The morphisms are H-linear and C-colinear maps.
Finally we would like to recall the notions of a faithfully flat module
and a faithfully coflat comodule.
Definition 2.5. A right module M over an algebra B is flat (respec-
tively faithfully flat) if and only if the functor M ⊗B− : BM→k M
preserves (respectively preserves and reflects) short exact sequences.
Definition 2.6. A right comodule V over a coalgebra D is coflat (re-
spectively faithfully coflat) if and only if the functorV
D
− : DM→k
M preserves (respectively preserves and reflects) short exact sequences.
Recall that if V ∈ MD and W ∈ DM then the cotensor product
V
D
W is defined as the kernel of
ρV ⊗ id− id⊗ ρW : V ⊗W → V ⊗D ⊗W.
2.2. General results. In this section we recall some known facts about
coideal subalgebras and quotient coalgebras of Hopf algebras. We will
see how the induced module categories defined previously are related
when we add the necessary conditions of faithful flatness.
We will first see that any right (or left) coideal in U gives rise to a
right (or left) coideal subalgebra of H .
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Proposition 2.7 ( [11], Theorem 3.1). Let U be a Hopf algebra with
bijective antipode, C a tensor category of finite-dimensional right U-
modules and let H be the dual of U with respect to C. If Z ⊂ U is
a right coideal of U , then A ⊂ H defined by A := {h ∈ H|h · z =
ǫU(z)h for all z ∈ Z} where h · z is the restriction of the natural action
of U on H described above, is a right coideal subalgebra.
Moreover, there is a one-to-one correspondence between right coideal
subalgebras of a Hopf algebra H and quotient left module coalgebras
C.
Proposition 2.8 ( [25], Proposition 1). Let A be a right coideal subal-
gebra of H and denote A+ = A∩ ker ǫH ; then HA = H/HA
+ is a quo-
tient left module coalgebra of H. Dually, if π : H → C is a quotient left
module coalgebra, then CH = {h ∈ H|π(h(1))⊗h(2) = π(1)⊗h} =
coCH
is a right coideal subalgebra of H.
Combining Propositions 2.7 and 2.8 we can deduce that whenever we
are given a coideal in U we can define a coideal subalgebra of its dual
Hopf algebraH or equivalently a quotient leftH-module coalgebra. Let
us see now how the conditions of faithful flatness fit into the picture.
Theorem 2.9 ( [25], Theorem 2). Let H be a Hopf algebra and C a
quotient left module coalgebra; then CH as defined in Proposition 2.8
is a right coideal subalgebra. Suppose that H is faithfully coflat as a
right C-comodule. Then CHM ≃
C
H M and H is faithfully flat as a
right A-module.
Theorem 2.10 ( [14], Theorem 2.1). Let H be a Hopf algebra with
bijective antipode and A ⊂ H a right coideal subalgebra. Let HA be (as
in Proposition 2.8) the corresponding quotient left module coalgebra.
Then the following are equivalent:
(1) H is faithfully coflat as a left HA-comodule.
(2) H is faithfully flat as a left A-module.
(3) There is an equivalence of categories MHA ≃M
HA.
From the above we conclude the following:
Corollary 2.11. [ [13], Theorem 1.11] : Let H be a Hopf algebra
with bijective antipode. Then A 7→ HA, C 7→
CH give a one-to-one
correspondence between the right coideal subalgebras of H over which
H is left faithfully flat and the quotient left H-module coalgebras of H
over which H is left faithfully coflat.
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2.3. Semisimplicity and cosemisimplicity. The notion of faith-
ful flatness (respectively faithful coflatness) is an important condition
when we want to work with the quantum analogue of an affine homo-
geneous space.
In this direction, we will look at an important result from [16] that con-
nects some semisimplicity (respectively cosemisimplicity) conditions
with the faithful flatness (respectively faithful coflatness) notion that
we are looking for. In their work Mu¨ller and Schneider use a slightly
different approach which we briefly recall here:
Let us start with a Hopf algebra U with bijective antipode and
a left coideal subalgebra K. Let C be the tensor category of finite-
dimensional left U -modules and let H be the dual of U with respect to
C. Then
A := {h ∈ H|h ·K+ = 0}
is a right coideal subalgebra of H . Then (as before) C = H/HA+
is a left module quotient coalgebra and the results from the previous
section hold.
Definition 2.12. Let C be a tensor category of left U -modules. A
subalgebra K ⊂ U is called C-semisimple if all V ∈ C are semisimple
as left K-modules (by restriction).
Theorem 2.13 ( [16], Theorem 2.2). Let U be a Hopf algebra, K ⊂ U
a left coideal subalgebra and C a tensor category of finite-dimensional
left U-modules. Let H be the dual Hopf algebra with respect to C, A :=
{h ∈ H|h · K+ = 0} and C = H/HA+. Assume that the antipode of
H is bijective. Then:
(1) A ⊂ H is a right coideal subalgebra with A =coC H.
(2) If K is C-semisimple then C is cosemisimple and H is faithfully
flat as a left and right A-module.
For the full statement of the above theorem we refer to [16], Theorem
2.2.
3. Quantum subgroups – A definition
Definition 3.1. Let H be a Hopf algebra with bijective antipode. A
quantum homogeneous space is a right coideal subalgebra A of H
over which H is faithfully flat.
This definition agrees with the classical picture. Indeed, it is known
that a flat morphism of commutative rings f : R→ S is faithfully flat
if and only if the dual map f∗ : SpecS → SpecR is surjective (see for
example [15] Theorem 7.3). In the same spirit is Lemma 2.2 of [23]:
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Lemma 3.2. Let φ : X → Y be a surjective morphism of smooth
irreducible affine algebraic varieties and let s = dimX−dimY . Assume
that for every y ∈ Y , each irreducible component of the fibre φ−1(y) is
s-dimensional. Then O(X) is a fuithfully flat O(Y )-module.
Keeping in mind the above definition and the previous results we can
proceed to the following construction: Let I be a right coideal of U . By
Proposition 2.7 this gives rise to a right coideal subalgebra A of the dual
Hopf algebra H . By Proposition 2.8 this gives us a quotient left module
coalgebra HA of H . If moreover H is faithfully flat over A (that is, if
A corresponds to a quantum homogeneous space), by Theorem 2.10
we conclude that there is an equivalence of categories MHA ≃ M
HA.
Therefore if the coideal I with which we started is associated to a
classical subgroup M of a group G, then the quotient coalgebra HA
can be used as the definition of the quantum subgroup corresponding
toM . In this setting U is the quantized universal enveloping algebra of
the Lie algebra of G and H is the quantum coordinate algebra Oq(G).
This leads to the following definition:
Definition 3.3. Let H be a Hopf algebra with bijective antipode. A
quantum subgroup is a quotient left H-module coalgebra C of H
such that H is faithfully coflat over C.
We would like to point out here, complementing the remarks about
the homogeneous spaces above, that with the above definition we aim
to quantize subgroups H of a group G such that G/H is affine. As we
saw, classically, the faithfully flatness condition corresponds exactly to
these subgroups for which the quotient space is affine. It is also worth
mentioning that if we restrict to the case where the ambient group is
reductive then by Matsushima’s criterion we know that G/H is affine
if and only if H is reductive. So in this case the two notions coincide.
In this latter case the following can be useful:
Remark 3.4. If H is cosemisimple, which is the case when we work
with the quantum coordinate algebra Oq(G) of a reductive group for
generic q, and if A is not only a coideal subalgebra, but a Hopf sub-
algebra of H, then by the main result in [5] H is faithfully flat over
A.
4. Module categories
In this section we recall the definitions and establish the notation
for monoidal and module categories. Our main references are [1], [10]
and [19]. We will assume throughout that all categories are abelian
10 GEORGIA CHRISTODOULOU
over an algebraically closed field k. All functors are assumed to be
additive.
4.1. Monoidal categories. We start with the definition of a monoidal
category.
Definition 4.1. A monoidal category consists of the following:
(1) A category C,
(2) a functor ⊗ : C × C → C,
(3) functorial isomorphisms aX,Y,Z : (X ⊗ Y )⊗ Z → X ⊗ (Y ⊗ Z),
(4) a unit object 1 ∈ C, and
(5) functorial isomorphisms rX : X ⊗ 1→ X and lX : 1⊗X → X ,
such that the following diagrams:
((X ⊗ Y )⊗ Z)⊗W
aX,Y,Z⊗id
tt✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐
aX⊗Y,Z,W
**❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯
(X ⊗ (Y ⊗ Z))⊗W
aX,Y⊗Z,W

(X ⊗ Y )⊗ (Z ⊗W )
aX,Y,Z⊗W

X ⊗ ((Y ⊗ Z)⊗W )
id⊗aY,Z,W
// X ⊗ (Y ⊗ (Z ⊗W ))
and
(X ⊗ 1)⊗ Y
aX,1,Y
//
rX⊗id ''❖
❖❖
❖❖
❖❖
❖❖
❖❖
X ⊗ (1⊗ Y )
id⊗lYww♦♦
♦♦
♦♦
♦♦
♦♦
♦
X ⊗ Y
commute.
Definition 4.2. Let C1, C2 be two monoidal categories. A monoidal
functor between C1 and C2 is a triple (F, b, u) consisting of a functor
F : C1 → C2, functorial isomorphisms bX,Y : F (X⊗Y )→ F (X)⊗F (Y )
and isomorphism u : F (1)→ 1 such that the following diagrams:
F ((X ⊗ Y )⊗ Z)
bX⊗Y,Z
−−−−→ F (X ⊗ Y )⊗ F (Z)
bX,Z⊗id
−−−−−→ (F (X)⊗ F (Y ))⊗ F (Z)


yFaX,Y,Z


yaF (X),F (Y ),F (Z)
F (X ⊗ (Y ⊗ Z))
bX,Y⊗Z
−−−−→ F (X)⊗ F (Y ⊗ Z)
id⊗bY,Z
−−−−→ F (X)⊗ (F (Y )⊗ F (Z))
SUBGROUPS OF QUANTUM GROUPS 11
and
F (1⊗X)
b1⊗X
−−−→ F (1)⊗ F (X) F (X ⊗ 1)
bX,1
−−−→ F (X)⊗ F (1)


yF (lX)


yu⊗id


yF (rX)


yid⊗u
F (X)
lF (X)
−−−→ 1⊗ F (X) F (X)
rF (X)
−−−→ F (X)⊗ 1
commute.
Notice that in some other texts, a functor of the form defined above,
for which b and u are required to be isomorphisms, is often called a
strict monoidal functor.
Example 4.3. If H is a Hopf algebra, then the category ofH-comodules
is a monoidal category. Indeed, given two H-comodules V and W , we
can consider V ⊗W in MH with comodule structure given as follows:
V ⊗W
ρV ⊗ρW
// V ⊗H ⊗W ⊗H
id⊗flip⊗id
// V ⊗W ⊗H ⊗H
id⊗id⊗mH
//
id⊗id⊗mH
// V ⊗W ⊗H
We finish this section by stating a theorem that will be useful later in
order to simplify arguments in some proofs. First, we need a definition.
Definition 4.4. A monoidal category C is called strict if for all objects
X, Y, Z ∈ C the functorial isomorphisms (from Definition 4.1) aX,Y,Z , rX
and lX are the identity isomorphisms. In this case we have X⊗1 = X ,
1⊗X = X and (X⊗Y )⊗Z = X⊗(Y ⊗Z) , and similarly for multiple
tensor products.
Theorem 4.5. Every monoidal category is equivalent to a strict one.
A proof of this can be found in [12].
4.2. Module categories.
Definition 4.6. A module category over a monoidal category C
consists of the following:
(1) A category M,
(2) an exact bifunctor ⊗ : C ×M→M,
(3) functorial isomorphisms mX,Y,M : (X⊗Y )⊗M → X⊗(Y ⊗M),
for X, Y ∈ C and M ∈M and
(4) functorial isomorphisms lM : 1⊗M → M,
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such that the following diagrams:
((X ⊗ Y )⊗ Z)⊗M
aX,Y,Z⊗id
tt✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐
mX⊗Y,Z,M
**❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯
(X ⊗ (Y ⊗ Z))⊗M
mX,Y⊗Z,M

(X ⊗ Y )⊗ (Z ⊗M)
mX,Y,Z⊗M

X ⊗ ((Y ⊗ Z)⊗M)
id⊗mY,Z,M
// X ⊗ (Y ⊗ (Z ⊗M))
and
(X ⊗ 1)⊗M
mX,1,M
//
rX⊗id ''❖
❖❖
❖❖
❖❖
❖❖
❖❖
X ⊗ (1⊗M)
id⊗lMww♦♦
♦♦
♦♦
♦♦
♦♦
♦
X ⊗M
commute.
Definition 4.7. LetM1,M2 be two module categories over a monoidal
category C. A module functor from M1 to M2 is a functor F :
M1 →M2 together with functorial isomorphisms cX,M : F (X⊗M)→
X ⊗ F (M) for every X ∈ C and M ∈ M1, such that the following di-
agrams:
F ((X ⊗ Y )⊗M)
FmX,Y,M
uu❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥ cX⊗Y,M
))❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
F (X ⊗ (Y ⊗M))
cX,Y⊗M

(X ⊗ Y )⊗ F (M)
mX,Y,F (M)

X ⊗ F (Y ⊗M)
id⊗cY,M
// X ⊗ (Y ⊗ F (M))
and
F (1⊗M)
F lM
//
c1,M
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
F (M)
1⊗ F (M)
lF (M)
88rrrrrrrrrr
commute.
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Notice that what we have defined is often called a strict module
functor in other texts, because we are requiring that the morphisms
cX,M are isomorphisms.
Example 4.8. Any monoidal category C can be viewed as a module
category over itself, with associativity and unit isomorphisms given by
the ones from the monoidal structure.
4.3. Algebras in monoidal categories.
Definition 4.9. An algebra in a monoidal category C is an object
A ∈ C together with a multiplication morphism m : A⊗A→ A and a
unit morphism e : 1→ A such that the following diagrams:
(A⊗ A)⊗ A
aA,A,A
vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠ m⊗id
&&◆
◆◆
◆◆
◆◆
◆◆
◆◆
A⊗ (A⊗ A)
id⊗m

A⊗A
m

A⊗A m
// A
and
1⊗ A
lA
||①①
①①
①①
①①
①
e⊗id
%%❏
❏❏
❏❏
❏❏
❏❏
A⊗ 1
ra
||①①
①①
①①
①①
①
id⊗e
%%❏
❏❏
❏❏
❏❏
❏❏
A A⊗Am
oo A A⊗ Am
oo
commute.
Example 4.10. If C is the monoidal category of H-comodules for a
Hopf algebra H, and if A is a coideal subalgebra of H, then A is an
algebra for the monoidal category C.
Definition 4.11. A right module over an algebra A in a monoidal
category C is an object M ∈ C together with an action morphism
a : M ⊗ A→M such that the following diagrams:
M ⊗ A⊗ A
id⊗m
//
a⊗id

M ⊗ A
a

M ⊗ 1
rM
{{✇✇
✇✇
✇✇
✇✇
✇
id⊗e
%%▲
▲▲
▲▲
▲▲
▲▲
▲
M ⊗A
a
// M M M ⊗Aa
oo
commute. Similarly we can define the notion of a left module.
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Finally,
Definition 4.12. A morphism between two right modules M1,M2
over A is a morphism in C such that the diagram commutes:
M1 ⊗ A
a⊗id
−−−→ M2 ⊗ A


ya1


ya2
M1
a
−−−→ M2
There is a similar definition for left modules.
If A is an algebra in a monoidal category C, we will denote the
category of right A-modules by ModC(A). This is an abelian category.
Remark 4.13. Using the above notations, ModC(A) can be endowed
with the structure of a module category over C.
Indeed, let M be a right A-module and let X ∈ C. We want to
define a functor ⊗ : C ×ModC(A) → ModC(A). Since X,M ∈ C, we
can consider the object X ⊗M ∈ C (using the structure of C). We
see that X ⊗M is also a right A-module with action morphism given
by id⊗ aM . All necessary properties of the module category ModC(A)
now follow from the monoidal structure of C.
Example 4.14. Suppose that C is the monoidal category of right H-
comodules for a Hopf algebra H, and that A is a coideal subalgebra.
Then ModC(A) is equal to the category M
H
A defined in 2.2.
Using Remark 4.13 and Example 4.14 above we can state the follow-
ing
Corollary 4.15. Any coideal subalgebra A of a Hopf algebra H gives
rise to a module category over the category of H-comodules.
5. Module categories of the form ModC(A)
The previous section finished with the interesting Corollary 4.15.
It is natural to ask under what conditions we could have a converse
version of it. Specifically, we need to find answers to two questions.
Firstly, given a monoidal category C, and a module category M over
it, when is M equivalent to ModC(A) for an algebra A in C? And
secondly, in the specific case where C is considered to be the category
of H-comodules for a Hopf algebra H , when does an algebra A in C
correspond to a coideal subalgebra of H? In the following sections, we
will try to find an answer to these two questions.
SUBGROUPS OF QUANTUM GROUPS 15
5.1. Background material. We start by recalling the theory of mon-
ads and comonads.
Definition 5.1. A monad T on a category C is an endofunctor T :
C → C together with two natural transformations µ : T 2 → T and
η : idC → T such that the following diagrams:
T 3
Tµ
−−−→ T 2


yµT


yµ
T 2
µ
−−−→ T
and
T
=
  
❆❆
❆❆
❆❆
❆❆
Tη
// T 2
µ

T
ηT
oo
=
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
T
commute.
Remark 5.2. In the above definition, by Tµ at an object X we mean
T (µX), and by µT at an object X we mean µT (X), where in general µY
denotes the morphism µ : T 2(Y )→ T (Y ). The same notation is being
used for η.
Monads are closely related to adjoint functors. Specifically, it is
known that a pair of adjoint functors gives rise to a monad.
Theorem 5.3. Let G : C → D be a functor between two categories
which admits a right adjoint U : D → C with adjunction morphisms
η : id→ UG and ǫ : GU → id. Then T = (UG, η, UǫG) is a monad on
C.
For a proof of this very well known fact, see for example [3].
Definition 5.4. Let (T, µ, η) be a monad on a category C. A T -
algebra is a pair (N, λ) where N ∈ C and λ : TN → N is a morphism
in C such that the following two diagrams:
N
idN !!❈
❈❈
❈❈
❈❈
❈
ηN
// TN
λ

T 2N
µN

Tλ
// TN
λ

N TN
λ
// N
commute. A map f : (N, λ) → (B, λ′) is a map f : N → B in C such
that f ◦ λ = λ′ ◦ Tf .
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We denote the category of all T -algebras for a monad T in a category
C by CT .
Remark 5.5. We remark that every object X ∈ C gives rise to a T -
algebra (T (X), µX).
The assignment X 7→ (T (X), µX) yields a functor F
T : C → CT with
F Tf = Tf . On the other hand every T -algebra (N, λ) can be seen as
an object in C by considering the underlying object N and forgetting
the structure given by λ. This gives a functor UT : CT → C with
UTf = f .
(F T , UT , η, ǫT ) is a pair of adjoint functors and it is easy to see that
it defines the given monad (T, µ, η). Moreover it satisfies a universal
property:
For every adjoint pair (G,U, η, ǫ) between two categories C and D that
defines the monad (T, µ, η) there is a unique functor K : D → CT ,
called the comparison functor, such that KG = F T and UTK = U :
C
FT
++
G



CTUTkk
D
U
II
K
77♦♦♦♦♦♦♦♦♦♦♦♦♦♦
(See also [12]).
Definition 5.6. We say that an adjoint pair (G,U, η, ǫ) is monadic if
the functor K : D → CT is an equivalence.
The very well known Barr-Beck Monadicity theorem gives conditions
under which an adjoint pair is monadic. Here, we give a version of the
Barr-Beck theorem for abelian categories which can be found in [4].
Theorem 5.7. Let G : C → D be an additive functor which admits a
right adjoint U : D → C which is exact. Denote the defined monad by
T . Then the comparison functor K : D → CT is an equivalence if and
only if U is faithful.
By dualizing the above definitions and constructions we can define
comonads and coalgebras for a comonad.
The Barr-Beck theorem for comonads has the following form :
Theorem 5.8. Let F : C → B be an additive functor which is exact
and faithful. Assume also that it admits a right adjoint U : B → C.
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Denote the defined comonad on B by G. Then C is equivalent to the
category MG of G-coalgebras.
5.2. Main theorem.
Theorem 5.9. Let (C,⊗, I) be a monoidal category and let M be a
module category over C. Assume that there is a pair of adjoint functors
Res : C → M and Ind : M → C such that both Res and Ind are
morphisms of module categories. Assume further that Ind is exact and
faithful. Then M is equivalent to ModC(A) for an algebra A ∈ C.
Proof. Without loss of generality (see also Theorem 4.5), we can assume
that C is a strict monoidal category.
We start by noticing that Res and Ind define a monad T = Ind◦Res
in C.
We will split the proof in steps.
Step 1.: We show that T (V ) = V ⊗ T (I) for all V ∈ C.
Since both Ind and Res are functors of module categories we
have the following:
T (M⊗N) ≃ Ind(Res(M⊗N)) ≃ Ind(M⊗Res(N)) ≃ M⊗Ind(Res(N)) =
= M ⊗ T (N), for every M,N ∈ C.
In particular, for every V ∈ C we have V = V ⊗ I, hence
T (V ) = T (V ⊗ I) ≃ V ⊗ T (I). Let us define G : C → C by
G = id ⊗ T (I). Then by what we did above we see that T is
naturally equivalent to G but to make notation simpler we will
assume that T = G. We will use this notation later.
Step 2.: We show that T (I) is an algebra in C.
Since T is a monad, there are natural transformations µ : T 2 →
T and η : id → T which, as we saw before (Remark 5.5),
endow every object T (V ) with the structure of a T -algebra.
In particular, the pair (T (I), µI) is a T -algebra. This means
that there exists a morphism µI : T
2(I) → T (I). By Step 1,
T 2(I) ≃ T (I)⊗T (I) hence µI : T (I)⊗T (I)→ T (I). Moreover,
by η we get a morphism ηI : I → T (I). It remains to show that
(T (I), µI , ηI) satisfies the commutative diagrams from Defini-
tion 4.9. For the associativity diagram, we use the first diagram
of Definition 5.1 of a monad at the object I. This gives us the
following:
T (I)⊗ T (I)⊗ T (I)
TµI−−−→ T (I)⊗ T (I)


yµT (I)


yµI
T (I)⊗ T (I)
µI
−−−→ T (I)
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Recall now the functor G that we defined at at the end of
Step 1. The natural transformations µ and η induce natural
transformations µ˜ : G2 → G and η˜ : id→ G, so that µ˜ = id⊗µI
and η˜ = id ⊗ ηI . But G = T and therefore µ = id ⊗ µI and
similarly η = id⊗ ηI .
In particular µT (I) = id ⊗ µI . Furthermore, TµI = µI ⊗ id.
So the diagram above gives us exactly what we wanted.
Similarly, the commutativity of the diagrams for ηI follows
directly from the second diagram in Definition 5.1, which at the
object T (I) gives:
T (I)
=
))❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙
❙❙
TηI
// T (I)⊗ T (I)
µI

T (I)
ηIT
oo
=
uu❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
T (I)
But C is strict (T (I) = T (I)⊗ I = I ⊗ T (I) and id = rT (I) =
lT (I)). Moreover T (ηI) = ηI ⊗ id and, as we noticed above,
ηT (I) = id⊗ ηI , which gives us :
I ⊗ T (I)
lT (I)
))❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
ηI⊗id
// T (I)⊗ T (I)
µI

T (I)⊗ I
id⊗ηI
oo
rT (A)
uu❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥
T (I)
Again, this is exactly what we wanted.
• From now on we will denote T (I) by A.
Step 3.: We show that M is equivalent to the category of T -algebras.
Since Ind is exact and faithful, by the Barr-Beck theorem for
abelian categories, Theorem 5.7, we can conclude that M is
equivalent to the category of T -algebras.
Step 4.: We show that the category of T -algebras is equivalent to ModC(A).
Recall the diagrams from the definition of a T -algebra. For
T (N) = N ⊗ A they give:
N
idN ##●
●●
●●
●●
●●
ηN
// N ⊗ A
λ

N ⊗ A⊗ A
µN

Tλ
// N ⊗ A
λ

N N ⊗A
λ
// N
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Using the identities from Step 2 (and recalling thatN = N⊗I
and rN = id) we can rewrite this as:
N ⊗ I
rN
%%❑
❑❑
❑❑
❑❑
❑❑
❑❑
id⊗ηI
// N ⊗A
λ

N ⊗A⊗A
id⊗µI

λ⊗id
// N ⊗ A
λ

N N ⊗ A
λ
// N
Similarly, morphisms between T -algebras are maps f : N →
B in C such that f ◦ λ = λ′ ◦ Tf . Since T (N) = N ⊗ A and
Tf = f ⊗ id this gives us:
N ⊗A
f⊗id
−−−→ B ⊗ A


yλ


yλ′
N
a
−−−→ B
But these are exactly the definitions of right A-modules and
their morphsims. Therefore we have indeed shown that the
category of T -algebras is the same as the category ModC(A) of
A-modules for the algebra A in C.
This completes our proof.

Remark 5.10. We notice that the converse of Theorem 5.9 is also true.
Indeed, let C be a monoidal category and ModC(A) a module category
of C with the action defined in 4.13. We can view C as a module
category over itself using its monoidal structure. Then the functors
Res : C → ModC(A) with Res(X) = X ⊗ A and Ind : ModC(A) → C
with Ind being the forgetful functor (forgetting the A-module structure
of objects) are clearly functors of module categories. Moreover Ind is
then exact and faithful.
5.3. Properties of ModC(A) when C isM
H for a Hopf algebra H.
We will investigate some properties of the module categories ModC(A)
when C is the category of H-comodules for a Hopf algebra H .
Theorem 5.11. Let D be an abelian k-category which is cocomplete
and locally presentable. Let F be an additive, cocontinuous, exact and
faithful functor to the category Vect of vector spaces. Suppose moreover
that the right adjoint of F is cocontinuous. Then D is equivalent to the
category of C-comodules for a k-coalgebra C.
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Proof. First we notice that F has a right adjoint by the adjoint functor
theorem for locally presentable categories. Let us denote this adjoint
by Q and assume that Q is cocontinuous.
We let G = F ◦ Q be the corresponding comonad on Vect. G is
cocontinuous as a composition of cocontinuous functors. It is moreover
an endofunctor on Vect. We will show that G is isomorphic to tensoring
with G(C). Indeed, let V be a vector space. V is then the colimit of
finite-dimensional vector spaces Vi and each such Vi can be assumed to
be isomorphic to Cni for some ni ∈ N. Therefore G(V ) = G(lim−→
Cni) =
lim
−→
G(Cni) since G is cocontinuous. But G(Cni) = G(C)ni since G is
additive. If we let C = G(C), we get that G(C)ni = Cni = Cni ⊗ C.
Therefore, lim
−→
G(Cni) = lim
−→
(Cni ⊗ C) = lim
−→
Cni ⊗ C = V ⊗ C.
Now, as in the proof of Theorem 5.9, we can show that the comonad
G endows C with the structure of a G-coalgebra, which in particular
makes C a k-coalgebra. Also, it is then easy to see (following the
same arguments) that the category of G-coalgebras is equivalent to the
category of C-comodules. By the Barr-Beck theorem for comonads,
since F is exact and faithful we can deduce that D is equivalent to
G-coalgebras, and therefore to MC for the coalgebra C.

Lemma 5.12. Let C be the category of H-comodules for a Hopf algebra
H. Then ModC(A), for an algebra A ∈ C, is a locally presentable and
cocomplete category.
Proof. ModC(A) is obviously cocomplete. So we only need to prove that
it is locally presentable. Let M ∈ ModC(A). This is an H-comodule
endowed with an action map a : M ⊗ A → M which is also a map
of comodules. We take Mi a finite-dimensional H-subcomodule and
consider the A-submodule it generates. We denote this by < Mi >.
Notice that Mi ⊆< Mi > since A has a unit. The restriction of the
action map a to Mi ⊗ A gives a surjection to < Mi > and therefore
< Mi > is also an H-subcomodule as it is the image of a subcomodule.
Now we consider a directed set I and to each i ∈ I we associate < Mi >;
whenever i 6 j we consider the inclusion θji :< Mi >→< Mj >. Since
M = lim
−→
Mi as H-comodules it follows that M = lim−→
< Mi >. Now we
turn our attention to the< Mi >s in ModC(A). First we notice that any
object of the form Mi ⊗A for a finite-dimensional H-subcomodule Mi
is compact in ModC(A). Indeed, by the adjunction (Res, Ind) between
ModC(A) and M
H we have that
HomModC(A)(Mi ⊗ A,N) ≃ HomMH (Mi, N).
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Moreover the finite dimensional H-comodules are compact objects in
MH. Indeed, let V be a finite-dimensional H-comodule and consider
HomMH (V, lim−→
Nj). Let f be in HomMH (V, lim−→
Nj). We will show that
f factors through one of the inclusions Nj → lim−→
Nj . Since f is an
H-comodule map it is also k-linear. Therefore f ∈ HomVect(V, lim−→
Nj).
But now V is a finite-dimensional vector space and hence compact,
which means that f factors through some Nj. Since Nj is an H-
comodule by assumption we conclude that V is compact in MH as
well. So in particular the finite-dimensional H-subcomodule Mi is
compact and therefore HomMH(Mi, lim−→
Nd) ≃ lim−→
HomMH (Mi, Nd) for
every colimit lim
−→
Nd over a filtered category D. So the same holds for
the objects Mi ⊗ A.
Now, consider again the restriction of a to Mi⊗A and let us denote
it by a˜. Notice that Mi ⊗ A has the structure of a right A-module
(where A acts by multiplication on itself). Then a˜ : Mi ⊗A→< Mi >
can be seen as a map of A-modules, and its kernel ker(a˜) is again an
object in ModC(A) such that < Mi >≃ (Mi ⊗ A)/ker(a˜). Let us take
a closer look at the kernel ker(a˜) and let Wj be a finite-dimensional
H-subcomodule of it. As before there exists a map Wj ⊗A→ ker(a˜).
Again, for a directed set J we can consider inclusions θkj : Wj ⊗ A →
Wk ⊗ A, whenever j ≤ k. The colimit of this diagram surjects to
Ker(a˜); therefore for fixed i, < Mi >≃Mi⊗A/ lim−→
Wj⊗A = lim−→
(Mi⊗
A/Wj ⊗ A). But now the quotients (Mi ⊗ A/Wj ⊗ A) are compact
objects since finite colimits of compact objects are compact. We have
shown that each < Mi > is a colimit of compact objects, therefore
every M ∈ ModC(A) is a colimit of compact objects.

Proposition 5.13. Let C be the category of H-comodules for a Hopf
algebra H. Consider the module category ModC(A) for an algebra A ∈
C. Consider also the functor Ind: ModC(A) → M
H . Then Ind has a
right adjoint functor Q˜. Moreover if Q˜ is cocontinuous, then ModC(A)
is equivalent to MC for a k-coalgebra C.
Proof. Since C is the category of right H-comodules, it is equipped with
a forgetful functor Forget : C → Vect to the category of vector spaces.
The forgetful functor is the one that considers the underlying vector
space and forgets the comodule structure, and is clearly exact and
faithful. Now, the composition F := (Forget ◦ Ind) : ModC(A)→ Vect
is cocontinuous, exact and faithful, being the composition of two such
functors. Therefore using Lemma 5.12 it can be deduced that F has
a right adjoint functor Q. In this setting, Q can be computed and it
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is equal to Q(V ) = H˜OMk(A, V ⊗ H) (which will be defined below).
Indeed, we will show that
HomVect(F (M), V ) ≃ HomModC(A)(M, H˜OMk(A, V ⊗H)).
Since −⊗H is the right adjoint to Forget : MH → Vect it is enough to
show that the functor Q˜ :MH → ModC(A) given byN 7→ H˜OMk(A,N)
is right adjoint to Ind. We recall the definition of HOM which can be
found in [27] or [20]. Let A,N beH-comodules. The space Homk(A,N)
is not necessarily an H-comodule. However there are maps as follows:
ω : Homk(A,N)→ Homk(A,N ⊗H)
given by
ω(f)(m) = f(a(0))(0) ⊗ f(a(0))(1)S(a(1))
and
ν : Homk(A,N)⊗H → Homk(A,N ⊗H)
given by
ν(f ⊗ h) = f(m)⊗ h.
It is proved that ν is injective and the definition of HOM is given by:
HOMk(A,N) = {f ∈ Homk(A,N)|ω(f) ∈ Im(ν)}.
It is then shown in [27] that ν−1 ◦ ω defines a comodule structure on
HOMk(A,N).
We moreover notice that HOMk(A,N) has a natural right A-module
structure, where the A-action is given by (f · b)(a) := f(ba). We now
define H˜OMk(A,N) as follows :
H˜OMk(A,N) := {f ∈ HOMk(A,N)|((f ·b)(0)⊗(f ·b)(1))(a) = (f(0)b(0)⊗f(1)b(1))(a)}
Then H˜OMk(A,N) is an object in ModC(A) by its definition. In par-
ticular we defined H˜OMk(A,N) to consist of the objects in HOMk(A,N)
that are compatible with the natural right A-action.
We can now proceed to prove the adjunction.
Let ∆ : HomMH (Ind(M), N) → HomModC(A)(M, H˜OMk(A,N)) be
defined as follows: If φ : M → N is a morphism of H-comodules, ∆(φ)
is defined to be the morphism : m 7→ φ˜m where φ˜m(a) = φ(ma).
(1) ∆(φ)(m) ∈ H˜OMk(A,N) for every m ∈M . Indeed,
(φ˜m(a(0)))(0) ⊗ (φ˜m(a(0)))(1)S(a(1))
= (φ(ma(0)))(0) ⊗ (φ(ma(0)))(1)S(a(1))
= (φ(ma(0)))(0) ⊗m(1)(a(0))(1)S(a(1)) (since φ is an H-comodule map)
= φ(m(0)(a(0))(0))⊗m(1)(a(0))(1)S(a(1))
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= (φ(m(0)a(0)))⊗m(1)ǫ(a(1))
= (φ(m(0)a))⊗m(1)
= (φ˜m(a))(0) ⊗m(1).
Since m(1) is stable in φ˜m it can be concluded that ∆(φ)(m) lies
in HOMk(A,N). Moreover,
((φ˜m · b)(0) ⊗ (φ˜m · b)(1))(a)
= ((φ˜m · b)(a(0)))(0) ⊗ ((φ˜m · b)(a(0)))(1)S(a(1))
= (φ(mba(0)))(0) ⊗ (φ(mba(0)))(1)S(a(1))
= (φ(mba(0)))(0) ⊗m(1)b(1)(a(0))(1)S(a(1))
= φ(m(0)b(0)(a(0))(0))⊗m(1)b(1)(a(0))(1)S(a(1))
= φ(m(0)b(0)a(0))⊗m(1)b(1)ǫ(a(1))
= φ(m(0)b(0)a)⊗m(1)b(1)
= (φ˜m(a))(0)b(0) ⊗m(1)b(1)
= ((φ˜m)(0)b(0) ⊗ (φ˜m)(1)b(1))(a).
Therefore ∆(φ)(m) lies in H˜OMk(A,N).
(2) ∆(φ) : M → H˜OMk(A,N) is A-linear. Indeed, mb→ φ˜(mb) and
φ˜(mb)(a) = φ(mba) = (φ˜m · b)(a).
(3) ∆(φ) is H-colinear. It is enough to show that φ˜m(0)(a)⊗m(1) =
(φ˜m(a(0)))(0)⊗(φ˜m(a(0)))(1)S(a(a)). But by 1 above we know that
the right hand side is equal to (φ(ma))(0)⊗m(1) = (φ˜m(a))(0)⊗
m(1). Since moreover φ(m)(0) = φ(m(0)), φ being a morphism
of H-comodules, the result follows.
Finally, it is easy to see that ∆ is one-to-one. Moreover, in the
opposite direction, given an element in HomModC(A)(M, H˜OMk(A,N))
we define an object in HomMH (Ind(M), N) by φ(m) := φ˜m(1A). This
is a well-defined map since the morphism M → H˜OMk(A,N) is H-
colinear. It is also a one-to-one map (if φ˜m 6= φ¯m then there exists an
a ∈ A such that φ˜m(a) 6= φ¯m(a) but φ˜m(a) = φ˜m(1A) · a and the same
is true for φ¯m(a) ). This means that there is a bijection between the
two Hom sets and that the adjunction holds.
Finally we notice that if Q˜ is cocontinuous, then Q is also cocontinu-
ous and by Theorem 5.11 we can conclude that ModC(A) is equivalent
to MC for a k-coalgebra C.

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Remark 5.14. It would be interesting to find explicit conditions under
which this adjoint functor is cocontinuous. In the above proposition it
seems that some restrictions on the algebra A would be necessary.
6. Module categories corresponding to coideal
subalgebras
In this section we are going to try to find the necessary conditions
that a module categoryM over MH must satisfy in order to be of the
form ModMH (A) for a coideal subalgebra A of the Hopf algebra H .
6.1. Background material. We start by recalling some background
material concerning categories of comodules. The basic reference in
this section is [?].
Definition 6.1. A comodule X in MD for a coalgebra D is quasi-
finite if HomMD(N,X) is finite-dimensional for all finite-dimensional
comodules N .
Proposition 6.2 ( [?], 1.3). For a comodule X ∈ MD , X is quasi-
finite if and only if the functor Vect → MD, W 7→ W ⊗ X has a left
adjoint.
When X is quasi-finite, the left adjoint of the functor W 7→W ⊗X
is called the Cohom functor. It is denoted by hD and is written as
Y 7→ hD(X, Y ) for a D-comodule Y . This functor has a behaviour
similar to the behaviour of the Hom functor for algebras. If now X is
a (Γ, D)-bicomodule and it is also quasi-finite, then hD(X,−) has the
structure of a right Γ-comodule and the following proposition holds:
Proposition 6.3 ( [?], 1.10). For a (Γ, D)- bicomodule X the following
are equivalent:
(1) X is quasi-finite.
(2) The functor MΓ →MD, Z 7→ Z
Γ
X has a left adjoint.
In this case the left adjoint is the Cohom functor hD.
Remark 6.4. The set CoendD(M) = hD(M,M) has the structure of
a coalgebra. Thus M becomes a (CoendD(M), D)-bicomodule (see also
[?]) .
The following proposition explains how “nice” functors between cat-
egories of comodules look and will be used heavily in the sequel.
Proposition 6.5 ( [?], 2.1). Let F :MΓ →MD be a k-linear functor.
If F is left exact and preserves direct sums, then there exists a (Γ, D)-
bicomodule P such that F (Z) = Z
Γ
P as a functor of Z ∈MΓ.
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We are now in a position to state the Morita equivalence theorem
for categories of comodules.
Definition 6.6. A set of pre-equivalence data (Γ, D,Γ PD,DQΓ, f, g)
consists of coalgebras Γ and D, bicomodules ΓPD and DQΓ and bico-
linear maps f : Γ → P
D
Q and g : D → Q
Γ
P making the following
diagrams commute:
P
≃
//
≃

P
D
D
idg

Q
≃
//
≃

Q
Γ
Γ
idf

Γ
Γ
P
fid
// P
D
Q
Γ
P D
D
Q
gid
// Q
Γ
P
D
Q
If f and g are isomorphisms then Γ and D are said to be Morita-
Takeuchi equivalent and their categories of comodules are equivalent.
The functors of the equivalence are given by −
Γ
P : MΓ → MD and
−
D
Q :MD →MΓ.
6.2. Main theorem. We are now in the position to prove the second
main theorem of the categorical characterization. We start with the
following lemma. This result can be found in [7] (after Example 2.15)
where a dual version of this theorem is proved.
Lemma 6.7. Let H,B be coalgebras and MH ,MB the corresponding
categories of comodules. Assume that there exists a functor Ψ :MH →
MB which carries the forgetful functor to the forgetful functor. Then
Ψ is induced by a unique map of coalgebras ψ : H → B.
Now by [?] we know that in a category of comodulesMH , a comodule
Y is called quasi-finite if the functor Vect→MH given by V 7→ V ⊗Y
has a left adjoint denoted by hY . Therefore H is itself quasi-finite in
MH and in this case hH is the forgetful functor. Moreover, it is also
proved in [?] (Proposition 1.10), that when H is a (B,H)- bicomodule
for a coalgebra B then hH factors through the category M
B and the
factorization map is left adjoint to the cotensor functor −
B
H :MB →
MH.
This leads to the following:
Corollary 6.8. Let H,B be coalgebras and assume that there exists a
functor Ψ : MH → MB carrying the forgetful functor to the forgetful
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functor. Then Ψ is left adjoint to the cotensor functor −
B
H :MB →
MH.
Proof. Indeed, as we saw in 6.7 Ψ is induced by a unique coalgebra
map ψ : H → B.
On the other hand we notice also the following: Whenever we have a
map of coalgebras ψ : H → B, this induces a functor ψ∗ :MH →MB
as follows:
M
ρM
// M ⊗H
id⊗ψ
// M ⊗B
This functor ψ∗ obviously commutes with the two forgetful functors to
Vect. Therefore we can identify Ψ with ψ∗. Moreover, ψ∗ is known to
be left adjoint to the cotensor functor −
B
H :MB →MH (a proof of
this appears in [2] (22.12)), and therefore Ψ is also left adjoint to the
cotensor functor.

Lemma 6.9. Assume that the coalgebra map ψ : H → B makes H left
faithfully coflat over B. Then ψ is a surjective map.
Proof. We first notice that from [17] (Theorem 3.1) we know that epi-
morphisms in the category of coalgebras are surjective maps.
The coalgebra map ψ : H → B yields the map ψid : H
B
H →
B
B
H ≃ H of H-comodules. By [2], 11.8 we know that the image of
∆H is contained in H
B
H and that the composition of the maps
H
∆H
// H
B
H
ψid
// B
B
H ≃ H
yields the identity. Therefore, ψid is a surjective map. Since the
cotensor functor is exact and faithful it reflects epimorphisms, and this
means that ψ is surjective.

It remains to see under which conditions the map ψ is also left H-
linear.
Lemma 6.10. Let MB be a module category over MH . Suppose that
the action of MH on MB commutes with the two forgetful functors
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to Vect, i.e. suppose that X ⊗M is mapped to a B-comodule whose
underlying vector space is equal to X ⊗ M . Then the functor ⊗ :
MH ×MB → MB defining the module category MB comes from a
coalgebra map σ : H ⊗B → B which endows B with the structure of a
left H-module.
Proof. By its definition a module category M over a monoidal cate-
gory C is a category together with an exact bifunctor ⊗ : C×M→M.
In particular ⊗ : C × M → M is a functor from the Deligne ten-
sor product of abelian categories C ⊠M to M. Recall here that the
tensor product of abelian categories A ⊠ B is defined by the following
requirement: That for each abelian category D, the category of right
exact functors A ⊠ B → D is equivalent to the category of functors
A × B → D that are right exact in each variable (see also [6]). Con-
sider now the case where MB is a module category overMH . We first
notice that MH = lim
−→
MHi where H = lim
−→
Hi as a coalgebra. Indeed,
every object V ∈ MH is the colimit of its finite-dimensional vector
spaces, and each such finite-dimensional vector space is a comodule
over a finite-dimensional subcoalgebra of H . The same is true for the
coalgebra B = lim
−→
Bj and its category of comodules M
B = lim
−→
MBj .
Therefore it can be concluded thatMH⊠MB = lim
−→
MHi⊠lim
−→
MBj =
lim
−→
lim
−→
(MHi ⊠MBj) (see also [6], 5.1 for this property of the tensor
product of abelian categories). Now, it is known again by [6] that
MHi ⊠MBj ≃ MHi⊗Bj for finite-dimensional coalgebras. On the
other hand, MH⊗B = lim
−→
lim
−→
MHi⊗Bj since every finite-dimensional
subcoalgebra of H ⊗ B is of the form Hi ⊗ Bj for finite-dimensional
subcoalgebras Hi, Bj of H and B respectively. ThereforeM
H⊠MB ≃
MH⊗B. This means that the exact bifunctor required from the def-
inition of MB as a module category over MH is actually a functor
from MH⊗B → MB. Moreover, this functor commutes with the for-
getful functors to Vect (by assumption), and therefore, by Lemma 6.7
it comes from a coalgebra map σ : H ⊗ B → B. By the associativity
axiom in the definition of a module category applied to the objects
H⊗H⊗B, it moreover follows that this map σ satisfies the properties
of a module map, endowing B with the structure of a left H-module.
As a result of the above, the action of an object X ∈MH on an object
M ∈ MB can be interpreted as follows: The object in MB obtained
by this action is equal to X⊗M as a vector space, and the B-comodule
structure is given by the following:
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X ⊗M
ρH⊗ρB
// X ⊗H ⊗M ⊗ B
id⊗flip⊗id
// X ⊗M ⊗H ⊗B
id⊗id⊗σ
// X ⊗M ⊗ B

Theorem 6.11. Let C be the category of H-comodules for a Hopf alge-
bra H with bijective antipode. LetMB be a module category over C and
assume that there exists a functor of module categories Ψ : C → MB
which commutes with the two forgetful functors and which has a right
adjoint functor Ω that is exact and faithful. Then MB ≃ ModC(A) for
a coideal subalgebra A of H, and H is faithfully flat over A.
Proof. Notice that by Lemma 6.7 and Corollary 6.8 we can deduce that
there exists a map of coalgebras ψ : H → B and that Ψ = ψ∗ is left
adjoint to the cotensor functor −
B
H . But Ψ is also left adjoint to Ω.
Since Ω is exact and faithful, −
B
H must also be exact and faithful.
But then by Lemma 6.9 we know that the coalgebra map ψ : H → B is
a surjection. Now, we can consider the right coideal coBH in H defined
as follows: coBH = {h ∈ H|ψ(h(1)) ⊗ h(2) = ψ(1) ⊗ h}. We will show
that this is also a subalgebra of H .
To do this we will use the arguments of Theorem 5.9. Indeed, the
adjunction (Ψ,−
B
H) satisfies all the conditions of 5.9 and the com-
position of the two functors T˜ := (−)
B
H ◦ Ψ defines a monad on
C. But now the image of I ≃ k under T˜ is T˜ (I) = Ψ(I)
B
H which
is isomorphic to coBH . Therefore coBH is not only a right coideal of
H but also an algebra in MH . Moreover, MB ≃ ModMH(
coBH) as
module categories over MH . We need to show that the multiplication
map µI on
coBH induced by the monad T˜ coincides with the multi-
plication on H . This is equivalent to showing that the coalgebra map
ψ : H → B is left H-linear. By Lemma 6.10 we know that the ac-
tion of MH is induced by an H-module structure σ : H ⊗ B → B on
B. Moreover, since Ψ is a functor of module categories it follows that
Ψ(M⊗V ) ≃M⊗Ψ(V ). Now,M⊗Ψ(V ) is the B-comodule with under-
lying vector spaceM⊗V and comodule structure given by σ, therefore
m⊗ v 7→ m(0) ⊗ v(0) ⊗ σ(m(1), ψ(v(1))). On the other hand, Ψ(M ⊗ V )
has comodule structure given by m ⊗ v 7→ m(0) ⊗ v(0) ⊗ ψ(m(1)v(1)).
Therefore ψ must be compatible with the H-module structure on B.
This means that B has the structure of a left H-module quotient
coalgebra. Moreover H is faithfully coflat over B. Using Corollary
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2.11 it can be deduced that then coBH is a right coideal subalgebra of
H and that H is faithfully flat over coBH .

6.3. The converse of Theorem 6.11. In this section we prove that a
quantum subgroup satisfies the assumptions of Theorem 6.11. This can
be seen as a converse statement of the theorem. It also demonstrates
how quantum subgroups fit into the categorical picture presented in
this section.
Proposition 6.12. Let H be a Hopf algebra with bijective antipode
and B a left H-module quotient coalgebra of H.Assume further that
H is faithfully coflat over B. Let us denote the projection map by
π : H → B. Then MB is a module category over MH . Moreover
π∗ :MH →MB is a functor of module categories which commutes with
the two forgetful functors to Vect. Its right adjoint −
B
H :MB →MH
is exact and faithful and a functor of module categories.
Proof. We have already seen how the coalgebra map π : H → B induces
a functor π∗ :MH →MB which is left adjoint to the cotensor functor
−
B
H : MB → MH . Moreover π∗ commutes with the two forgetful
functors to Vect by its definition and −
B
H is exact and faithful since
H is assumed to be faithfully coflat over B. It remains to show that
both functors are functors of module categories.
We begin by π∗. It is enough to show that π∗(Y ⊗N) ≃ Y ⊗ˆπ∗(N) for
every Y,N ∈MH . We notice that both π∗(Y ⊗N) and Y ⊗ˆπ∗(N) are
equal to Y ⊗N as vector spaces. We claim that the identiy map is also
a morphism of B-comodules and therefore that they are isomorphic
in MB. Indeed, the B-comodule structure on π∗(Y ⊗ N) is given by
y ⊗ n 7→ y(0) ⊗ n(0) ⊗ π(y(1)n(1)). On the other hand the B-comodule
structure on Y ⊗ˆπ∗(N) is given by y ⊗ n 7→ y(0) ⊗ n(0) ⊗ y(1)π(n(1)).
Since π is left H-linear by assumption, the isomorphism follows.
We now proceed with the proof that −
B
H : MB →MH is a func-
tor of module categories. It is enough to show that X ⊗ (M
B
H) ≃
(X⊗ˆM)
B
H in MH for every X ∈MH , M ∈MB. We claim that the
map
γ : X ⊗ (M
B
H)→ (X⊗ˆM)
B
H
given by
x⊗ (m⊗ h) 7→ (x(0) ⊗m)⊗ x(1)h
is an isomorphism with inverse map γ˜ given by
(x⊗m)⊗ h 7→ x(0) ⊗ (m⊗ S(x(1))h).
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We start by showing that if x⊗ (m⊗ h) is an element of X ⊗ (M
B
H)
then (x(0) ⊗m)⊗ x(1)h is in (X⊗ˆM)
B
H . Recall that
M
B
H = {m⊗ h|m(0) ⊗m(1) ⊗ h = m⊗ π(h(1))⊗ h(2)}.
Also note that
(X⊗ˆM)
B
H = {x⊗m⊗h|x(0)⊗m(0)⊗x(1)m(1)⊗h = x⊗m⊗π(h(1))⊗h(2)}.
Consider (x(0) ⊗ m) ⊗ x(1)h. We need to show that (x(0))(0) ⊗ m(0) ⊗
(x(0))(1)m(1) ⊗ x(1)h = x(0) ⊗m⊗ π((x(1))(1)h(1))⊗ (x(1))(2)h(2). Indeed,
(x(0))(0) ⊗m(0) ⊗ (x(0))(1)m(1) ⊗ x(1)h
= x(0) ⊗m(0) ⊗ (x(1))(1)m(1) ⊗ (x(1))(2)h
= x(0) ⊗m⊗ (x(1))(1)π(h(1))⊗ (x(1))(2)h(2)
= x(0) ⊗m⊗ π((x(1))(1)h(1))⊗ (x(1))(2)h(2).
We further need to check that this map is a morphism ofH-comodules.
The H-comodule structure on x ⊗ (m ⊗ h) is given by x ⊗ m ⊗ h 7→
x(0)⊗m⊗h(1)⊗x(1)h(2). On the other hand, the H-comodule structure
on (x(0)⊗m)⊗x(1)h is given by x(0)⊗m⊗x(1)h 7→ x(0)⊗m⊗(x(1))(1)h(1)⊗
(x(1))(2)h(2). By the above isomorphism x(0) ⊗ m ⊗ h(1) ⊗ x(1)h(2) 7→
(x(0))(0)⊗m⊗ (x(0))(1)h(1)⊗x(1)h(2). But the last expression is equal to
x(0) ⊗m⊗ (x(1))(1)h(1) ⊗ (x(1))(2)h(2). This is exactly what we wanted.
We will show now that γ˜ is also well defined. Let (x ⊗ m) ⊗ h ∈
(X⊗ˆM)
B
H . We want to show that γ˜((x ⊗ m) ⊗ h) = x(0) ⊗ m ⊗
S(x(1))h ∈ X ⊗ (M
B
H). For this it is enough to show that m(0) ⊗
m(1) ⊗ S(x(1))h = m ⊗ π((S(x(1)))(1)h(1)) ⊗ (S(x(1)))(2)h(2) = m ⊗
S((x(1))(2))π(h(1))⊗ S((x(1))(1))h(2).
Since (x⊗m)⊗ h ∈ (X⊗ˆM)
B
H , we know that:
x(0) ⊗m(0) ⊗ x(1)m(1) ⊗ h = x⊗m⊗ π(h(1))⊗ h(2)
⇒ x(0)⊗m(0)⊗S((x(1))(2))x(1)m(1)⊗h = x⊗m⊗S((x(1))(2))π(h(1))⊗h(2)
⇒ x(0)⊗m(0)⊗S((x(1))(2))x(1)m(1)⊗S((x(1))(1))h = x⊗m⊗S((x(1))(2))π(h(1))⊗S((x(1))(1))h(2).
We now consider only the left hand side of the above equation and
have the following:
x(0) ⊗m(0) ⊗ S((x(1))(2))x(1)m(1) ⊗ S((x(1))(1))h
= (x(0))(0) ⊗m(0) ⊗ S(x(1))x(1)m(1) ⊗ S((x(0))(1))h
= x(0) ⊗m(0) ⊗ S(x(1))(x(1))(2)m(1) ⊗ S((x(1))(1))h
= x(0) ⊗m(0) ⊗ S((x(1))(1)ǫ((x(1))(2)))(x(1))(2)m(1) ⊗ S((x(1))(1))h
= x(0) ⊗m(0) ⊗ ǫ(x(1))ǫ((x(1))(2)))m(1) ⊗ S((x(1))(1))h
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= x⊗m(0) ⊗m(1) ⊗ S(x(1))h.
This means that x⊗m(0)⊗m(1)⊗S(x(1))h = x⊗m⊗S((x(1))(2))π(h(1))⊗
S((x(1))(1))h(2) and therefore we can conclude that γ˜ is indeed well de-
fined.
Finally, it is easy to see that γ is one-to-one. To show that it is also
surjective, we consider the composition with the map γ˜ and show that
it yields the identity map on (X⊗ˆM)
B
H . Indeed,
γ ◦ γ˜(x⊗m⊗ h)
= γ(x(0) ⊗m⊗ S(x(1))h)
= (x(0))(0) ⊗m⊗ (x(0))(1)S(x(1))h
= x(0) ⊗m⊗ (x(1))(1)S((x(1))(2))h
= x(0) ⊗m⊗ ǫ(x(1))h
= x⊗m⊗ h.

6.4. Morita-Takeuchi equivalence. Recall the results from 5.13 where
we assumed that the right adjoint Q is cocontinuous. We are then in
a situation as follows:
MH
Forget



FT
..
ModMH (A)UTll
K

Vect
(−)⊗H
II
UG
,,
Q
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
MC
FG
ll
(F T , UT ) is the monad adjunction for the monad defined in Theorem
5.9 using the functors Res and Ind. F T is then the functor of tensor-
ing an H-comodule with A, and UT is exact and faithful. Similarly,
(FG, UG) is the comonad adjunction from Theorem 5.11 where FG is
the forgetful functor. K is an equivalence.
We would like to use Theorem 6.11 to deduce that C is actually a
quotient left H-module coalgebra. However, the functor F T ◦K does
not carry the forgetful functor to the forgetful functor. F T (V ) = V ⊗A
and K(W ) =W .
We believe however that MC is Morita-Takeuchi equivalent to a
category of comodules over a coalgebra B such that the composition
with the Morita equivalence yields a functor of module categories Ψ :
C →MB satisfying all conditions of Theorem 6.11.
This would yield the following diagram:
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Vect
−⊗H
uu
UG
''
Q

MH
Forget
55
⊗coBH

FT
..
ModMH(A)UTmm
K
//MC
FG
gg
Morita
zz✉✉
✉✉
✉✉
✉✉
✉✉
✉✉
✉✉
✉✉
✉✉
✉✉
✉
ModMH (
coBH)
forget
KK
MB
K˜
oo
−
B
H
ff▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼
In this direction, we believe that an extra condition needed to pro-
ceed from the results of section 5 to the main theorem 6.11 of section
6 is that H is an object in ModMH (A).
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